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Abstract

Epstein [9] introduced the Type-I hybrid censoring scheme as a mixture of Type-I and
Type-II censoring schemes. Childs et al. [5] introduced the Type-II hybrid censoring scheme
as an alternative to Type-I hybrid censoring scheme, and provided the exact distribution of
the maximum likelihood estimator of the mean of a one parameter exponential distribution
based on Type-II hybrid censored samples. The associated confidence interval also has been
provided. The main aim of this paper is to consider a two-parameter exponential distribution,
and to derive the exact distribution of the maximum likelihood estimators of the unknown
parameters based on Type-II hybrid censored samples. The marginal distributions and the
exact confidence intervals are also provided. The results can be used to derive the exact
distribution of the maximum likelihood estimator of the percentile point, and to construct the
associated confidence interval. Different methods are compared using extensive simulations
and one data analysis has been performed for illustrative purposes.
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1 INTRODUCTION

In life testing experiments, often the data are censored. Among the different censoring schemes,
Type-I and Type-II censoring schemes are the two most popular censoring schemes. In Type-I

censoring scheme, the experimental time is fixed, but the number of failures is random, whereas
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in Type-II censoring scheme, the experimental time is random but the number of failures is fixed.
A mixture of Type-I and Type-II censoring scheme is known as the hybrid censoring scheme and
it can be described as follows: Suppose a total of n units is placed on a life testing experiment,
and the lifetimes of the sample units are independent and identically distributed (i.i.d.) random
variables. Let the ordered lifetimes of these items are denoted by T.,, ..., T,., respectively. The
test is terminated when 7, a pre-chosen number, out of n items are failed, or when a pre-determined
time T" on test has been reached, i.e., the test is terminated at the time point 7, = min{7T,.,,T'}.
This particular censoring scheme was introduced by Epstein [9], and it is popularly known now as
the Type-I hybrid censoring scheme. It has been used quite extensively in reliability acceptance

test in MIL-STD-781C [12].

Like conventional Type-I censoring scheme, the main disadvantage of Type-I hybrid censoring
scheme is that most of the inferential results are obtained under the condition that the number of
observed failures is at least one, and moreover, there may be very few failures at the termination
point of the experiment. In that case the efficiency of the estimator(s) may be very low. Due
to this reason, Childs et al. [5] introduced the Type-IT hybrid censoring scheme, as an alternative
to the Type-1 hybrid censoring scheme, that would terminate the experiment at the time point
T* = max{T,.,, T}. It has the advantage of guaranteeing that at least r failures are observed at the
end of the experiment. Childs et al. [5] considered the exact distribution of the maximum likelihood
estimator (MLE) of the mean of an one-parameter exponential distribution based on a Type-II
hybrid censored samples. The exact confidence interval of the mean also has been obtained based
on the exact distribution. Recently, Banerjee and Kundu [3] considered the statistical inference of
the two-parameter Weibull distribution based on Type-II hybrid censored samples. Very recently,
Childs et al. [6] obtained the exact distributions of the MLEs of the scale and location parameters

of a two-parameter exponential distribution, when the data are Type-I hybrid censored.

The purpose of this paper is to consider a Type-II hybrid censoring scheme when the lifetime
distributions of the n experimental units are assumed to be i.i.d. two-parameter exponential distri-

bution. It is assumed that the probability density function of the lifetime of an experimental unit,



for 6 > 0, is
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and 0 otherwise. First we obtain the MLEs of the unknown parameters of p € R and 6 > 0,
and provide the joint moment generating function. Based on the joint moment generating function
(MGF), we obtain the marginal MGFs, and the marginal distribution functions of the MLEs. From
the marginal distribution functions, using the same idea as in Chen and Bhattacharya [4] the
confidence interval of @ is obtained by solving non-linear equations. Since the confidence interval
based on the MLEs is quite difficult to implement, we propose to use different bootstrap confidence

intervals, whose implementation are quite straight forward.

Rest of the paper is organized as follows. In Section 2, we present the maximum likelihood
estimators (MLEs) of the unknown parameters, and the joint and marginal moment generating
functions of the MLEs are derived in the same section. Different confidence intervals are proposed
in Section 3. Simulation results and the analysis of a data set are presented in Section 4. Finally

we conclude the paper in Section 5. Proof of the theorems are provided in the appendix.

2 MAXIMUM LIKELIHOOD ESTIMATORS AND THEIR MARGINAL
DISTRIBUTIONS

Let N be the number of units failed before the time 7', then the likelihood of the observed data is

given by
oy e Dl (e NIy < T
L (u, 0| Data) = (2)
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From (2), it is clear that MLE of 6 does not exist when 7 = 1 and N = 0. So for r = 1, the

conditional MLEs, conditioning on the event {N > 1} is given by
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For r > 2, MLEs of the unknown parameters exist for all values of N and they are given by

ﬁ = Tl:n7
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Next we consider the distributions of the MLEs. When r = 1, MLE of 6 does not exist if N = 0.
So for 7 = 1, we consider the conditional distribution of 8 conditioning on the event {N >1}.
For r > 2, MLE of # exists for all values of N. In order to find the distribution of iz and 5, we
first find the joint moment generating function (MGF) of 0 and 7i, and then inverting it to get the
distribution of the MLEs.

Theorem 2.1. For r = 1, the conditional joint MGF of ((/9\, i) conditioning on the event {N > 1}

exists for all —oo < w; < 00 and —o0 < we < 0o and is given by
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For r > 2, the joint MGF of 6 and p exists for w; <  and we < — + &

wy and is given by
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Remark 1. Note that as T — oo, the joint MGF of § and 7i at (w1, ws) reduces to

e.u‘wQ

Qn
_w — w2
(=) (1-a%)

which is the joint MGF of 0 and [t in case of complete sample. That means as T — oo, Qné\/ 0

is distributed as x? random variable with 2n — 2 degrees of freedom, n(f — p)/6 is a standard

exponential random variable, and they are independently distributed.

Remark 2. For r > 2, if T is smaller than the left end point of the support p, i.e., T' < p, the
joint MGF of 8 and i at (w1,ws), as given in (5), becomes the joint MGF of § and 7 in case of
ordinary Type-II censoring scheme. In this case 27“5/ 0 is distributed as x? random variable with
2r — 2 degrees of freedom, n(ix — p)/6 is a standard exponential random variable, and they are

independently distributed.

Remark 3. It is obvious from the expression of the joint MGF of f and i that the marginal

distributions belong to the generalized mixtures of the well known distributions.

From the MGF of 5, PDF of § can be obtained by using the inversion technique as suggested

by Chen and Bhattacharya [4], and it is as follows:

Theorem 2.2. For r = 1, conditional PDF of f conditioned on {N > 1} for —oo <t < o0 is
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where,
AOA
g1 (t7047>\> = F(OC)
0

e~ M1 if t € (0, 00)

otherwise

a—1 a—1
g2 (o, A, Ag) = Z pegr (b —k, A1) + (1 - ZPk) g1 (=t,1,A) forteR,
k=0 k=0

k
_ X2 A1
Pr = A1+A2 ()\1+>\2) :

g3<t> = qn q (t? aq, >‘1) + (1 - qn) an (ta Oy, )\n)
n—1 1—1
+ Z Z {cij g2 (6 = piji i, Aiy Aig) — dij go (8 i, iy Agg) }

i=1 j=0

n—2
+ Z {an g2 (t - Nn]a Oy, /\n7 /\nj> - dnj g2 (ta G, )\ny /\nj)} .
7=0

Note that g3(t) depends on p;;, oy, A;, and X;j; i,7 = 1,...,n, however, for brevity we do not

write it explicitly.

Since the integration of density function over the whole range is one, we have, from the Theo-

rem 2.2, the following identity.

n—1 i—1 n—2
> (e —dig) + > (enj — dnyj) = 0.
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Theorem 2.3. When —oco < t < oo, for r = 1, conditional PDF of i conditioning on {N > 1} is

given by
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and for r > 2, PDF of i is
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Note that g4(t) depends on v;; i = 1,...,n, however, for brevity we do not write it explicitly.

From PDFs of 5, the corresponding moments can be easily obtained. The first two moments of )

are as follows. For r =1,

~
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The CDFs of § and it can be easily obtained from their respective PDFs. The CDFs are as

follows. When —oo < t < 0o, the CDF of 0 for r = 1 is
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and for » > 2, the same is
0 ift <p
Fﬁ<t> = { 1— 6_%(t_#) lft 2 I

Note that the p'" quantile of the exponential distribution given in (1) is 1, = u + a, 6, where
a, = —In(1 — p). Therefore the MLE of 7, can be found by replacing ;1 and 6 by their respective
MLEs. The moment generating function of the MLE of 7, say 7, can be obtained easily from the

joint MGF of 1 and f in Theorem 2.1.

3 CONFIDENCE INTERVALS:

Note that the distribution of jz is same as that of the lowest order statistic and this has been
extensively studied in the literature, hence we do not pursue it here. In this section, we present
different methods for construction of confidence intervals (Cls) for the unknown parameter 6. From
the Theorem 2.2, we can find the approximate CI for §. However, as PDF of 0 is quite complicated,

we also present the bootstrap CI for the same parameter.

3.1 APPROXIMATE CONFIDENCE INTERVAL:

From CDF of 5, approximate CI can be found, based on the assumption that CDF of 0 is a
strictly decreasing function of §. Several authors including Chen and Bhattacharyya [4], Gupta and
Kundu [10], Kundu and Basu [11], Childs et al. [5], and Balakrishnan et al. [2] used this method
to find the CI of 8. Though it is difficult to verify the assumption, an extensive numerical study

supports the monotonicity assumption.

Suppose Oobs is the estimate of 8. Then a two-sided 100(1 — a)% approximate CI, say (6, 0y),

for € can be constructed by solving the equations

~

FHL (eobs) =1-

~ Q
and  Fy, (Opps) = 5

| Q

for 01 (the lower bound of 6) and 0y (the upper bound of ) replacing p by its MLE. However, they
are nonlinear equations, and we need to solve them by some numerical procedure, e.g., bisection

method or Newton-Raphson method.
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3.2 BoOTSTRAP CONFIDENCE INTERVAL:

The exact Cls presented in the previous section are computationally quite complicated, specially
when sample size is large. So we consider the bootstrap CIs. Here we consider two types of
bootstrap Cls, viz., percentile bootstrap CI and Bias adjusted percentile (BCa) interval; see Efron

and Tibshirani [8] for details.

3.2.1 BOOTSTRAP SAMPLE:

Step 1. Given T', r, n, and the original Type-II sample, ;1 and 0 are obtained from (3) or (4).

Step 2. Based on T, r, n, i, and 5, a random sample of size n from Uniform(0,1) distribution is

generated, and order them to get (Ui, ..., Upp)-

Step 3. Let

t,=n— 0 log Usn

Step 4. If 7, < T, then find N; such that

Ny if ¢, <T

tNyn <T <ty 1, andset N = { roE ST

Now, {t].,,.-.,tN+.,} is the bootstrap sample.

Step 5. Based on n, T', r, and the bootstrap sample, * and 0% are obtained form (3) or (4).

Step 6. Step 1-5 are repeated B times, and 0*’s are ordered in ascending order to obtain the bootstrap

sample

[0.52, g
3.2.2 PERCENTILE BOOTSTRAP CI:

A two-sided 100(1 — «)% bootstrap confidence interval for 6 is
<§*[%B}7§*[<17%>B]> ,

where, [z] denotes the largest integer less than or equal to x.
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3.2.3 BIAS ADJUSTED PERCENTILE (BCa) INTERVAL:

A two-sided 100(1 — «)% BCa bootstrap confidence interval for 6 is
(é\* [a1 B] : é\*[ag B]) 7

where,

~ 20 + Z1-a ~ 20 + Za
a; =d< 20+ 0,\ 17o/2 and g =P 20+ 0,\ /2 .
1— a(Z[) + Zl_a/g) 1-—- G(Z[) + Za/g)

Here ®(-) is the CDF of the standard normal distribution, z, is the upper a-point of standard

normal distribution and

£ <@
/Z\():(P_l{#:OT}, jzl,,B

A estimate of the acceleration a is

where 8% is the MLE of # based on the original sample with the i*" observation deleted, and

1 &
0= —> 0",
N =1

4 SIMULATION RESULTS AND DATA ANALYSIS

In this section the results of Monte Carlo simulation is presented to study the performance of the
inference procedures described in the Sections 3. We choose the value of the location parameter u
to be zero and different values for the scale parameter 6, viz., 1.00, 2.00, 3.00, 4.00 and 5.00. We
also take n = 20, r = 16 and different choices for T', viz., 1.5, 2.5, 3.5. The coverage percentage
of different confidence interval discussed in the section 3 are calculated based on the 10,000 Monte

Carlo simulations and B = 1000. These values are presented in the Tables 2, 3 and 4.

It is clear from the Table 2 that the approximate method of constructing confidence interval

is always maintaining its coverage percentage to its pre-fixed nominal level. Among the bootstrap
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methods for constructing confidence interval, adjusted percentile bootstrap method is better then
percentile bootstrap method with respect to the coverage percentage. From the Table 3, we can see
that the coverage percentage of the percentile bootstrap method is quite lower than its pre-fixed
nominal level, while the same of the adjusted bootstrap method is somewhat close to its nominal
level (see Table 4). Though approximate method of construction of confidence interval is always
better with respect to coverage percentage and average length, it is very complicated to calculate

specially when n is large. So we suggest to use the BCa bootstrap CI for the large values of n.

Next, we consider a data set to illustrate the procedures described in the previous sections. Here
we consider the data provided in Bain [1]. Suppose a sample of 20 items are put on the test and
the test is terminated after 150 hours. There are 13 failures within this time and the failures times
are 3, 19, 23, 26, 37, 38, 41, 45 58, 84, 90, 109, and 138. To make an artificial hybrid Type-II data
from this data set one can take any r less than or equal to 13. Here we take r = 12. Under the
assumption that lifetime has two-parameters exponential distribution, MLEs of ;1 and 6 are 3 and

130.85 respectively. Different types of confidence intervals are reported in the Table 1.

5 (CONCLUSION

In this paper, we have considered the Hybrid Type-II censoring scheme, when life times have two-
parameters exponential distribution, under frequentist approach. We have found the MLEs for both
the parameters. We have considered different methods for construction of confidence interval. We
have seen that the approximate and BCa bootstrap methods of construction of confidence interval
are quite good. So we recommend to use BCa bootstrap method of construction of confidence

interval specially when n is large.
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A APPENDIX

We need the the following lemmas to prove the theorems.

Lemma A.1. Let T, < ... < T,., be the order statistics of a random sample of size n from a
continuous distribution with PDF f(z) and the corresponding CDF is F'(-). Let T' be a pre-fixed
number such that F(T') is positive and N denote the number of order statistics less than or equal

to T'. The conditional joint PDF of T}.,,...,Ty., conditioned on the event N = ¢ is given by

[t,te,.. | N =1) = e Hf V{1 - F(T)}""

ifty<...<t;<T,
where F(-) is the distribution function of f(-).

PROOF: See [5].

Lemma A.2. Let 11, < ... < T,,., be the order statistics of a random sample of size n from a
continuous distribution with PDF f(x) and the corresponding CDF is F(-). Let T' be a pre-fixed
number such that F(T') is positive and N denote the number of order statistics less than or equal
toT. Let r € {1,2,...,n} be a pre-fixed integer. Then PDF of Ti.,, To.p, ..., T;., conditioned on

the event N = 0 is given by

n!

Fltnta ot N =0) = s TT W) (= )

T <t <...<t, <oo.
Fori=1,2,...,r—1, PDF of Ti.,, To.n, . . ., T1., conditioned on the event N = i is given by

ftita, .t [N =1) = Hf V(1= F (1)}

(n—

ift;<...<t;<T <t <..<t <oo.
PROOF: See [5].

Lemma A.3. Let X be a Gamma(a, 1) random variable, Y be a standard Exponential random

variable, and they are independently distributed. The PDF of X is

1 a—1 —x
O e forxz >0

f1($§ «, /\1) =
0 otherwise.
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The PDF of Y is
eV fory>0

fz(y) =

0 otherwise.

Then for any arbitrary constant A, A; and Ay the MGF of A+ A\; X 4+ A\ Y is given by
Magx xpry(@) = e (1= Mw) ™ (1= Xw) "
This MGF exists if
11 :
w € { (XE’XI) ﬁ‘A2‘< 0

(—oo,min{%, 51 if A >0.

PROOF: This lemma can be proved using the joint distribution of (X, Y'), and therefore the proof

is omitted.

Lemma A.4. Let X be a Gamma(a, A\)(with « integer) and Y be a Exponential(\y) random

variable and they be independently distributed. Then the PDF of X — Y is given by

a—1 a—1
g2 (t;a, A1, Ag) = Z P (o — kK, A) + (1 - Zpk) g1(—t,1,\y) forteR,
k=0 k=0

k
— _ A A1
where p; = A1+A2 <A1+/\2> )

PROOF: See [6].
Proof of Theorem 2.1:

Note that the number of unit failed before time 7', N, is a non-negative random variable with

the probability mass function (PMF)

PIN =i = (”) (1—6_%>16_(n_i)% ifi=0,1,...,n. (10)

Case-I: 7 =1
The joint conditional MGF of (é\, ) conditioned on the event { N > 1} can be written as

E[€w1§+w2ﬁ‘N > 1} _ ZE[@W1§+W2ﬁ‘N:i] X P[N:HN > 1]. (11)

i=1
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Using (3) and Lemma A.1,

Ele 02| N = 1]

1 T |
_ / el (n—1)(T—t)4w2 t—g(t—,u)dt
0 (1 — e’%) 1

e(nfl)Tler% {ef(nfl),uwﬁr,uwzf% _ efgf(nfl)Tw1+Tw2}

0(1—6_%> (3 4+ (n—1)w —w)

Using the above expression and (10)

Ele i | N = 1] x P[N = 1| N > 1]

| - P10 witp w2 p eTw2 19
= (1-d) {Cw 1+ (n—1)0wr —Ow) 0+ (n—1)0wr — Own) (12)
where ¢, ¢10, dig and gy are as in (6) and (7). For i = 2,3,...,n, using (3) and Lemma A.1, we
have
Ele w19+w2’“‘|N = i]
— // / > j=a tj—(n=1)t1+(n—i T}+w2t1 923 1= ‘u)dtz. . .dtl
o (1
. l" Tw
= ! e // / 9+7w1 wz)(t1 )—(%—le) ; 2(t-—T)dti‘”dtl
gt 1 — €_T>
oo e i (=1)~! ( ! ) (55 + ) (T
— % S 1/_1 n_._ .
(1- ) 3= T (1= )™ (14 O e - )
Using the above expression and (10), one will get for i = 2,--- . n

Ele 028 | N = j] x P[N =i|N > 1]

. 6*“%+Tu}2 iz_i(_l)ijl (n)< i ) €(j;1+n Jj= 1w1 LUQ)(T 1) 1
- T—p Z . : .

—n—7F -1 n—j— :
L—e ™7 55 J+1 (1 — %wl)z (1 + (i(jjﬂl))ewl — )

12
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So using the above expression and (12) in (11), we have

E[e“’| N > 1]
1 ettowiHiws p elws ehw2 _ qneTwz
= (1-q¢")" |cw — dyo + an
Wy w2 w1 W2 N w2
(1 + A10 V0> (1 + A10 Vo) ( /\n) <1 Vn—l)
n-li-1 ehijwitpws eTw2
+ Cij o — di a;
- - _ W w1 o w2 w1 w1 w2
=2 j=0 < /\i) (1 t Aij Vj) (1 >\i> <1 t Aij Vj)
n- ehnjwitpws eTw2

2
an [679) n
e O O N (R ) B (S ) B (R )

where ¢, i, A, ftij, Aij, ¢ij and d;; are as in (6) and (7). Now using Lemmas A.3 and A.4, one will

get (8). |
Case-11: r > 2
In this case, the joint MGF of 6 and it can be expressed as

E[€w1§+WQﬁ] _ ZE[ewlg—HUQﬁ‘N = Z] X P[N = 2] . (13)
1=0

Now using (4) and Lemma A.2, for w; < 7 and wy < % + ”7_1 wy

Ele»10v20 | N = (]
n!
6" (n —r)!P[N = 0]

></ ) J ) / T SR e e e 1S () e () gy gy
max{T,u}/ t1 tr_1

r

,n%+mmax{n“}

PIN =0] (12" (1 - Lw,)
Hence for w; < 7 and wy < é + ”T_lwl

1
(1= o) (1 )

E[ewl O+wo i ’ N — 0] % P[N _ O] _ €_n%+w2 max{T,u} « (14)



19

Now for i = 1,2,...,7 —1 and w; < 7, using (4) and Lemma A.2

E[er#r2 | N = ]

n!
(n—7r)IP[N =i

/ / / / B D L AR SATL ey (55 ) ~ () (e

np T H;ZTW1+W2 T

nlev ~ 0

(n —r)IP[N =q]o"

{// / —(potwr—w) (1-T) = (5-5) 3‘—2(t1‘T)dti...dt1}
{/ / / ~(5-54) §;3+1tj_("_r+1)(é_wrl)trdtr...dti+1}
z+1 ’V‘

—n—“ +Tws

= 21: ) 1<>( ! )>< T e ) (T
7=0 ']+1 (1—6 ; i

r—1 (n—j—1)0 0 '
wi) (1 + r(j]+1) w1 mu@)

Hence for i =1,2,...,r — 1 and w < g,

Ble 727 | N = j] x P[N = i]
i—1 , (F + 2=t 0w ) (T—p)
_nT=n iy, imj—1 (T 1 e\’ —1
= 6 2 —1
S e () )

. J+1) ey (1 e, ey Y
j=0 (1—Jwr1) T G W T w2

Now for ¢ =r,7 +1,...,n, using (4) and Lemma A.1

Ele10+w2f | N = 4]

n!

(n— )10°P[N = 4]

<[ / oo e (5)- (50
t1 Jti—

—n——i—ng

i dty

j=0 ~7+1 (1—9 -

i—1 (n—j—1)0 ) '
;wl) <1 + (]]_H) w1 — mu@)

Hence for i =r,r+1,...,n,

Eler 720 | N = j] x P[N = i]

i—1

; j+1+7n I=1 o —we ) (T—
e‘"%waZ(—l)i—jA (n)( ! ) el 1) (T

i1 i
=0 VAV (1~ %wr) <1 + (i(j]+11))€w1 - j%“@)
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So using the above expression, (14) and (15) in (13), we have for w; < j and wy < %

E[ewl é\-i-UJQ ﬁ]
n ,Twa pw2 _ o n Tws
(& (& (&
= qul + Qnp q

_ Wi w2 _ w1 w2
<1 )\1> <1 l/n71> (1 )\n> (1 Vn,1>

n—1i-1 n—1 i—1

ehij witpw2 elws

* Z Z i w1 o w1 wa B Z Z dij w1 i w1 w2

(S (e B 22 (e e (R

n- ehnj Witpws

2 n—2
an w1 an w1 w2 B Z dnj w1 an w1 w2 ’
= () () = () (o)

vj vy

+

where ¢, 1,5, @i, Ai, A\ij, ¢ij and d;; are as in (6) and (7). Now using Lemmas A.3, A.4, one will get

(9). |

Table 1: Lower and upper limits of different confidence intervals for 6

Approx. CI | Per Boot. CI | BCa Boot. CI
Level | LL UL LL UL LL UL

90% | 91.75 | 241.02 | 75.61 | 185.33 | 91.80 | 221.37
95% | 84.97 | 270.12 | 70.57 | 199.49 | 86.23 | 263.28
99% | 73.57 | 342.61 | 60.82 | 220.36 | 75.86 | 274.07

Table 2: Coverage percentage and average length of approximate confidence intervals based on
10000 simulations with © = 0, n = 20 and r = 16.

90% C.I. 95% C.I. 99% C.I.
T 6@ | Cov. Per. | Ave. Len. | Cov. Per. | Ave. Len. | Cov. Per. | Ave. Len.
1.00 89.98 0.93 95.35 1.14 99.27 1.60
2.00 89.87 1.87 95.44 2.29 99.26 3.23
1.50 | 3.00 89.63 2.79 95.38 3.44 99.16 4.85
4.00 89.18 3.69 95.15 4.59 98.96 6.48
5.00 88.51 4.55 94.63 5.77 98.51 8.10
1.00 89.66 0.87 95.03 1.07 99.20 1.49
2.00 90.13 1.87 95.46 2.29 99.26 3.22
2.50 | 3.00 90.00 2.80 95.43 3.44 99.28 4.84
4.00 90.00 3.73 95.40 4.59 99.16 6.46
5.00 89.60 4.65 95.38 5.73 99.14 8.08
1.00 89.88 0.83 95.11 1.02 99.02 1.42
2.00 89.85 1.84 95.22 2.25 99.21 3.16
3.50 | 3.00 90.18 2.80 95.51 3.44 99.22 4.84
4.00 90.01 3.74 95.36 4.58 99.27 6.46
5.00 89.83 4.67 95.28 5.73 99.23 8.07




Table 3: Coverage percentage and average length of bootstrap confidence intervals based on 10000

simulations with =0, n = 20, » = 16 and B = 1000.

90% C.I. 95% C.1I. 99% C.I.
T 6@ | Cov. Per. | Ave. Len. | Cov. Per. | Ave. Len. | Cov. Per. | Ave. Len.
1.00 81.47 0.72 88.02 0.85 95.00 1.12
2.00 78.28 1.47 84.78 1.74 92.83 2.27
1.50 | 3.00 78.28 2.21 84.78 2.63 92.84 3.43
4.00 78.28 2.94 84.78 3.50 92.84 4.58
5.00 78.28 3.68 84.78 4.38 92.84 5.73
1.00 81.93 0.71 88.26 0.85 95.04 1.12
2.00 79.68 1.44 86.53 1.71 94.39 2.24
2.50 | 3.00 78.28 2.20 84.78 2.61 92.85 3.40
4.00 78.28 2.94 84.78 3.50 92.84 4.57
5.00 78.28 3.68 84.78 4.38 92.84 5.72
1.00 80.87 0.70 87.44 0.83 94.56 1.10
2.00 82.47 1.43 88.70 1.71 95.39 2.24
3.50 | 3.00 79.05 2.17 86.02 2.58 94.04 3.36
4.00 78.28 2.92 84.78 3.47 92.96 4.53
5.00 78.28 3.67 84.78 4.36 92.84 5.70
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Table 4: Coverage percentage and average length of BCa bootstrap confidence intervals based on
10000 simulations with g =0, n = 20, » = 16 and B = 1000.

90% C.I. 95% C.1I. 99% C.I.
T 6@ | Cov. Per. | Ave. Len. | Cov. Per. | Ave. Len. | Cov. Per. | Ave. Len.
1.00 87.61 0.87 93.67 1.03 97.81 1.23
2.00 85.85 1.77 92.15 2.09 96.56 2.48
1.50 | 3.00 85.70 2.67 92.05 3.15 96.39 3.71
4.00 85.57 3.58 91.92 4.23 96.18 4.92
5.00 85.54 4.50 91.72 5.33 95.73 6.09
1.00 85.36 0.87 91.70 1.03 97.14 1.23
2.00 87.03 1.76 93.22 2.08 97.47 2.46
2.50 | 3.00 85.72 2.67 92.10 3.15 96.57 3.70
4.00 85.58 3.58 91.93 4.23 96.20 4.92
5.00 85.54 4.50 91.72 5.33 95.73 6.09
1.00 85.44 0.85 91.60 1.00 96.91 1.21
2.00 87.20 1.76 93.26 2.07 97.69 2.46
3.50 | 3.00 86.74 2.66 93.03 3.14 97.24 3.68
4.00 85.60 3.57 92.06 4.23 96.45 4.91
5.00 85.55 4.50 91.73 5.33 95.76 6.08
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