
Supplementary Document for Simple Linear Regression

Calculation of Expectation of SSRes

Note that

ŷi = β̂0 + β̂1xi = ȳ + β̂1 (xi − x̄) .

As,

SSRes =
n∑

i=1

(yi − ŷi)
2 =

n∑
i=1

(
y2i + ŷ2i − 2yiŷi

)
,

the expectation of SSRes can be written as

E (SSRes) =
n∑

i=1

[
E(y2i ) + E(ŷi)− 2E(yiŷi)

]
.

Now, we will calculate each expectation in the previous expression.

E(y2i ) = Var (yi) + E2 (yi) = σ2 + (β0 + β1xi)
2

E(ŷ2i ) = Var (ŷi) + E2 (ŷi)

= Var(ȳ) + (xi − x̄)2Var
(
β̂1

)
+ 2 (xi − x̄) Cov

(
ȳ, β̂1

)
+ (β0 + β1xi)

2 .

Cov
(
ȳ, β̂1

)
= Cov

(
1

n

n∑
i=1

yi,
n∑

j=1

xj − x̄

Sxx

yj

)
=

σ2

Sxx

n∑
j=1

(xj − x̄) = 0.

Thus,

E(ŷ2i ) =
σ2

n
+

(xi − x̄)2 σ2

sxa
+ (β0 + βixi)

2 .

Again,

E(yiŷi) = Cov (yi, ŷi) + E(yi)E(ŷi).

Now,

Cov (yi, ŷi) = Cov (yi, ȳ) + (xi − x̄)Cov
(
yi, β̂1

)
=

σ2

n
+

σ2 (xi − x̄)2

Sxx

,

1



implies

E (yiŷi) =
σ2

n
+ (β0 + β1xi)

2 +
(xi − x̄)2 σ2

Sxx

.

Therefore,

E (SSR2S
) =

n∑
i=1

[
σ2 + (β0 + β1xi)

2 +
σ2

n
+

(xi − x)σ2

Sxx

+ (β0 + β1xi)
2

−2 (β0 + β1xi)
2 − 2σ2

n
− 2σ2(xi − x̄)2

Sxx

]
= (n− 2)σ2.

Calculation for Expectation of SSReg

SSReg =
n∑

i=1

(ŷi − ȳ)2 =
n∑

i=1

(
ŷ2i + ȳ2 − 2ŷiȳ

)
.

Now,

E(ȳ2) = Var(ȳ) + E2(ȳ) =
σ2

n
+ (β0 + β1x̄)

2 .

E (ŷiȳ) = E
[
ȳ2 + (xi − x̄) ȳβ̂1

]
=

σ2

n
+ (β0 + β1x̄)

2 + (xi − x̄)E
(
ȳβ̂1

)
.

Moreover,

Cov
(
ȳ, β̂1

)
= Cov

(
1

n

n∑
i=1

yi,
n∑

j=1

xj − x̄

Sxx

yj

)
= σ2

n∑
i=1

xi − x̄

nSxx

= 0.

Thus,

E
(
ȳβ̂1

)
= Cov

(
ȳ, β̂1

)
+ E(ȳ)E

(
β̂1

)
= (β0 + β1x̄) β1

Therefore,

E (ŷiȳ) =
σ2

n
+ (β0 + β1x̄)

2 + (xi − x̄) β1 (β0 + β1x̄) .

Combining all these expectations, we get

E (SSReg) =
n∑

i=1

[
σ2

n
+

(xi − x̄)2 σ2

Sxx

+ (β0 + β1xi)
2 +

σ2

n
+ (β0 + β1x̄)

2

−2
σ2

n
− 2 (β0 + βx̄)2 − 2β1 (β0 + β1x̄) (xi − x̄)

]
= σ2 +

n∑
i=1

[
(β0 + β1xi)

2 − (β0 + β1x̄)
2 − 2 (β0 + β1x̄) (β0 + β1xi − β0 − β1x̄)

]
= σ2 + β2

1Sxx.
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Calculation of Expectation of SST

SST = SSReg + SSRes.

Therefore,

E (SSReg) = E (SSReg) + E (SSRes) = (n− 1)σ2 + β2
1Sxx.
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